Engineering entanglement between quantum systems often involves coupling through a bosonic mediator, which should be disentangled from the systems at the operation's end. The quality of such an operation is generally limited by environmental and control noise. One of the prime techniques for suppressing noise is by dynamical decoupling, where one actively applies pulses at a rate that is faster than the typical time scale of the noise. However, for boson-mediated gates, current dynamical decoupling schemes require executing the pulses only when the boson and the quantum systems are disentangled. This restriction implies an increase of the gate time by a factor of √ N , with N being the number of pulses applied. Here we propose and realize a method that enables dynamical decoupling in a boson mediated system where the pulses can be applied while spin-boson entanglement persists, resulting in an increase in time that is at most a factor of π 2 , independently of the number of pulses applied. We experimentally demonstrate the robustness of our fast dynamically decoupled entangling gate to σz noise with ions in a Paul trap.
Engineering entanglement between quantum systems often involves coupling through a bosonic mediator, which should be disentangled from the systems at the operation's end. The quality of such an operation is generally limited by environmental and control noise. One of the prime techniques for suppressing noise is by dynamical decoupling, where one actively applies pulses at a rate that is faster than the typical time scale of the noise. However, for boson-mediated gates, current dynamical decoupling schemes require executing the pulses only when the boson and the quantum systems are disentangled. This restriction implies an increase of the gate time by a factor of √ N , with N being the number of pulses applied. Here we propose and realize a method that enables dynamical decoupling in a boson mediated system where the pulses can be applied while spin-boson entanglement persists, resulting in an increase in time that is at most a factor of π 2 , independently of the number of pulses applied. We experimentally demonstrate the robustness of our fast dynamically decoupled entangling gate to σz noise with ions in a Paul trap.
High quality on-demand generation of entanglement is a necessary condition for quantum information processing and quantum metrology. While for some physical platforms entanglement is generated by an inherent direct interaction between subsystems, various platforms of interest make use of a mediating boson with spindependent coupling. For instance, the interaction between trapped ions is carried via a vibrational phonon [1] [2] [3] [4] [5] [6] [7] [8] [9] [11] [12] [13] ; superconducting qubits are entangled via a microwave photon [16] [17] [18] ; the interaction between distant NVs can be carried via a nanomechanical oscillator's phonon [19, 20] and a cavity photon carries the interaction between atoms in cavity QED architectures [21, 23, 24] . The common Hamiltonian representing these quantum systems is of the form
with σ α,i representing the Pauli matrix in the α direction of the i th spin. In the trapped ion case this Hamiltonian allows one to execute the Mølmer-Sørensen (MS) gate [1] . After times 2πn/ε for an integer n, the boson is disentangled from the spins, leaving the spins entangled via a geometric phase which is proportional to the area of the closed circle traced by the boson trajectory in phase space [2, 3, 25] .
Despite considerable progress in achieving high-fidelity entanglement in recent years, entanglement fidelity remains a primary obstacle for performance of large scale quantum information processing, and more particularly fault-tolerant quantum computation. Attempts to improve the fidelity of entangling gates must overcome the limitations imposed by environmental noise as well as imperfections in the control apparatus. Dynamical decoupling is a common method for fighting the effects of noise. When utilizing dynamical decoupling pulses [26, 27] during the entangling gate operation, one is required to consider the affect on the spin dependent coupling to the mediating boson. In many experiments, a single dynamical decoupling pulse has been applied at a time 2π/ε, exactly when the boson is disentangled from the spins [9, [11] [12] [13] . However, a single pulse only eliminates the effect of the constant (DC) part of the noise and does not efficiently combat finite frequency (AC) noise. Thus, in order to increase the decoupling efficiency, the number of pulses should be increased. Such an increase, however, comes at a price: by increasing the number of dynamical decoupling pulses to N , the time interval between the pulses should be shortened by a factor of √ N , and not N as in NMR schemes [28, 33, 34] . Hence, the gate duration is prolonged by the same √ N factor, or by a factor of 1 τ , where τ is the time between two consecutive pulses. This prolonged time makes the gate more vulnerable to other uncompensated noise sources that reduce the gate fidelity.
The difficulty of adding dynamical decoupling pulses during gate operation occurs when there is a need to apply the pulses in an orthogonal direction to the gate operator. This need often originates from the existence of noise that is parallel to the gate operator, such as the external parallel noise terms in the microwave gradient scheme [20] [21] [22] and in the single sideband protocols in the different platforms [11-13, 16-19, 23-25] . Note that in the case of a slow noise term that is orthogonal to the gate operator, it is sufficient to perform a small number of dynamical decoupling pulses along the direction of the gate operator. Since these pulses commute with the gate operation, they can be applied even when the spins and motion are entangled and therefore without affecting the structure of the gate or its duration. However, when the orthogonal noise is fast, and many parallel dynamical decoupling pulses are needed, the parallel pulse noise acarXiv:1706.03468v1 [physics.atom-ph] 12 Jun 2017
cumulates to an appreciable effect. In other words, this parallel pulse noise enforces the use of additional orthogonal dynamical decoupling pulses (like an XY4 or an XY8 sequence) that create the difficulty.
In this paper we present, and experimentally demonstrate with trapped ions, a dynamical decoupling scheme for boson-mediated systems that yields a refocused entangling gate, whose gate duration is increased by a reduced factor of ∼ π/2. This scheme enables implementation of complex dynamical decoupling pulse sequences such -as CPMG and XY8 -in boson-mediated systems. Furthermore, this scheme of using pulsed dynamical decoupling while operating in the fast gate regime can be used with pulsed schemes for suppressing phonon coupling at the end of the gate, especially when more boson modes are involved [29] [30] [31] .
The second order Magnus expansion of the MS Hamiltonian (Eq. 1), obtained from either the MS gate (SI) or the single sideband gate (SI), is the exact solution of the MS unitary,
with α = y, x denoting the MS or the single sideband gate respectively. D is the displacement operator; therefore the first term traces a circle in phase space with a radius which is proportional toΩ ε . In times t n = 2πn/ε, for an integer n, the system returns to its original location in phase space, meaning the qubits and the boson mediator are disentangled and a pure two qubit state is achieved. The entanglement of this state is proportional to the phase accumulated by the phase space rotations. A maximally entangled gate is generated when the accumulated Berry phase is 4Ω 2 t n /ε = π/2, at a gate duration of
Hence the time overhead which is needed for compensating for smaller phase space rotation scales as one over the time of each rotation or as the square root of the number of pulses.
The application of dynamical decoupling pulses while implementing a two qubit gate was first developed in the context of NMR architectures [33, 34] . In the case where the coupling is gσ α,1 σ α,2 , applying a π pulse dynamical decoupling sequence in a perpendicular direction to α compensates for the single body noisy terms and does not affect the coupling term. This, however, is no longer true when the interaction is mediated by another bosonic degree of freedom, as the pulse sequence might decouple the qubit from the boson mediator or couple it in an uncontrolled way. Hence, the dynamical decoupling pulses are applied when the qubits and the boson mediator are Figure 1 . Trajectory in phase space of a spin with initial state |↑ due to the MS unitary (Eq. 16). (A). Applying a π pulse when the spin and the boson are disentangled, at times tn = 2πn/ε, changes between the blue (solid line) and orange (dashed line) trajectories. (B). By applying a π pulse at time t = π/ε the ion trajectory changes from the blue dashed line to the orange dashed line. After a second π pulse at time t = 2π/ε the ion trajectory changes to the purple line, resulting in a effective 4Ω/ε displacement of the ions trajectory.
disentangled ( Fig. 1(A) ), i.e., at times t n = 2πn/ε. However, to compensate for high frequency noise, a large number of pulses N 1 should be applied, resulting in a prolonged overall gate duration by a factor of √ N and pulse time separation of ∆t (N ) = π/2Ω √ N . Even though the frequency of the DD pulses is increased, thus countering more of the noise spectrum, prolonging the gate duration causes the rest of the noise spectrum to be more damaging to the overall fidelity. Such a scheme is only effective for power spectrums that decay faster than 1 ω , meaning the decoherence time will scale as
Here we propose an alternative approach in which the dynamical decoupling pulses are used for covering a larger area in the boson phase space. In this way higher boson states are populated during the gate, which is, therefore, performed in the fast gate regime [2] , regardless of the number of dynamical decoupling pulses involved. The π pulses alternate the sign of the σ α,i operators in the MS unitary (Eq. 16), resulting in an effective spin dependent displacement. For instance, a MS unitary for t = π/ε duration gives rise to a spin dependent displacement of 2Ω/ε, and a sequence of MS unitary for t = π/ε duration, π pulse, MS unitary for the same t = π/ε duration, and another π pulse, results in a double spin dependent displacement of 4Ω/ε ( Fig. 1(B) ).
The above method of spin dependent displacements allows for ultrafast gates [35, 36] . By applying N equally-spaced π pulses, with time separation ∆t(N ) = π (2 + N ) /N ε, a flower-shaped path in phase space is closed at the end of the gate operation T tot = π (N + 2)/ε, thus remaining decoupled from the boson field( Fig. 2(A) ). The Berry phase accumulated in the area enclosed by the flower's petals 4Ω 2 T tot /ε is equal to the Berry phase accumulated in the slow-coupling regime, i.e. the area accumulated without applying the dynamical N , the enlarged area compared to the area associated with the flower's leaves 4Ω
2 Ttot/ε, is responsible for operating in the strong coupling regime. (B). In the case where 1 N , we can neglect the phase accumulated by the flower's leaves. Thus, every two π pulses separated by ∆t ≈ π/ε give rise to a spin dependent displacement (orange dashed line) 2Ω/ε, where the path velocity is 2Ω/π. In comparison to the regular strong coupling entangling gate where the path velocity isΩ (Eq. 1) we find a factor of π/2 in the gate durations.
decoupling pulses. However, by applying the dynamical decoupling pulses an additional Berry phase is accumulated in the polygon area A = 8N Ω /ε 2 cot (π/N ). A maximally entangled state can be generated when the overall accumulated Berry phase is
with the gate duration being a monotonically increasing function of N
and with a pulse time separation limit ∆t (N ) → π 2 /4ΩN . Hence, although applying a large number of dynamical decoupling pulses N 1, the gate duration is prolonged only by a factor of less than π/2. Intuitively, this can be understood by the following observation: at this limit of N 1 the Berry phase accumulated in the flower's leaves is negligible relative to the polygon phase, which is approximately a circle. Every separation time of ∆t ≈ π/ε, we accumulate a 2Ω/ε spin dependent displacement ( Fig. 2(B) ). Therefore, the displacement velocity in phase space, which is the angular velocity of the accumulated circle, is 2Ω/π. Comparing this to the regular strong coupling gate, where the displacement velocity is Ω (Eq. 1), and taking into account that both gates should accumulate the same circle area in phase space, we find a factor of π/2 in the gate durations. In this argument we omitted the area associated with the flower's leaves, which is increased when N decreases. Thus, for a smaller number of pulses, the area accumulated by the polygon should be reduced, and the gate duration is shorter.
Note that in our derivation we have considered instantaneous dynamical decoupling pulses, which is justified when the spin-boson interaction and trap dynamics are negligible during the pulse. Similar results can be achieved by turning off the driving field that is responsible for the coupling, as in our experimental realization discussed below, or by increasing the detuning during the pulses, in which case only the trap dynamics needs reconsideration. In the former case, the pulse sequence {εt n } n remains the same, and the detuning (ε) requires adjustment on the order of (Ωητ )
2 , where τ is the pulse duration.
We experimentally implement the fast dynamically decoupled gate with trapped ions and demonstrate its robustness to noise. Two 88 Sr+ ions are spatially confined in a linear Paul trap with an axial frequency of ν = 1.67 MHz and radial frequencies of ∼ 4 MHz [37] . A qubit is encoded on Zeeman-splitted sublevels of the 5S 1/2 (m = −1/2) → 4D 5/2 (m = 1/2) optical electricquadrupole transition of each ion with a natural lifetime of ∼ 0.4 seconds. This transition is driven using a narrow linewidth (∼ 60 Hz) 674 nm laser locked to a stable Fabry-Perot cavity. State-selective fluorescence detection is performed by illuminating the ion with a 422 nm laser resonant with the 5S 1/2 → 5P 1/2 dipole allowed transition and collecting the fluorescence signal with an EMCCD camera, enabling a non-ambivalent readout of the two ion state. The ions are Doppler cooled, followed by sideband cooling of the center-of-mass motional component to the ground state. The Mølmer-Sørensen Hamiltonian (Eq. 1) is enacted via bichromatic off-resonant driving of the 5S 1/2 → 4D 5/2 with frequencies ω SD ± (ν + ε), where ω SD is the resonance carrier frequency [38] . Dynamical decoupling π pulses are implemented by halting the bichromatic field operation and activating a monochromatic field with frequency ω SD . In protocols where more than a single pulse is needed, the phases of consecutive pulses are flipped in order to reverse coherent build-up of error due to imperfect pulses. The typical coupling constants for the bichromatic and monochromatic fields are ηΩ B ≈ 3 kHz and Ω M ≈ 170 kHz, respectively. The bosonic mediator of interaction is the axial center-of-mass phononic mode.
In order to experimentally demonstrate the robustness of the dynamically-decoupled entangling gate to σ z type noise -which in ion traps is commonly a result of magnetic field or laser phase fluctuations -we vary the detuning of the bichromatic and monochromatic fields, per- Figure 3 . An experimental and numerical comparison of σz robustness for three Mølmer-Sørensen entangling gate protocols: the fast DD scheme, as proposed in this article (blue); the slow DD scheme (green); and the slow DD scheme without DD pulses (red). The number of pulses is denoted as 'm'. The comparison is shown for differing pulse sequences enumerated by the number of DD arms. Two 88 Sr+ were entangled according to the appropriate protocol using a 674 nm laser and the their final state measured via state-selective fluorescence. σz noise was implemented by detuning all driving lasers from their resonance frequencies. The fidelity with the specific fully entangled state, calculated from measurement results, is shown. 95% confidence intervals are under ±0.03 and are not plotted. The numerics were done for the MS Hamiltonian with the appropriate pulse sequence and a detuning term, alternating the dynamics between the MS Hamiltonian (Eq. 1) with detuning ∆ 2 i σ β,i , and the detuned π pulse. The figures A-E shows the fidelity for a specific state, figure F shows the fidelity for an entangled state up to an arbitrary phase. F shows that high quality entangled states are achieved even at large detunings, albeit at a phase that differs from the zero detuning case.
form the entangling gate protocol, and measure the fidelity of the achieved state ρ with respect to the desired fully entangled state |ψ ≡ 1 √ 2 (|gg + i|ee ) (Fig. 3) . Varying the detuning adds a constant σ z term to the Hamiltonian similar to the effect of an external DC magnetic field. The fidelity at the end of the gate is calculated as F = ψ| ρ |ψ which is the overlap squared of the measured state with the desired state. We execute this experiment with 3 distinct protocols: (a) The fast dynamical decoupling scheme, as detailed in the paragraphs above; (b) The slow scheme, in which a π pulse is applied only when the boson mediator is fully decoupled from the qubit subspace; (c) The slow scheme without executing the DD pulses. The latter acts as a reference to which one can compare the two DD schemes, thereby showing their meaningful impact. Furthermore, we execute all three protocols with different numbers of DD arms, ranging from four to ten. We compare the experimental results to a numerical simulation of the different protocols.
The fast dynamically decoupled gate is shown to be more robust to σ z noise than its slow counterpart with the same number of DD pulses. Increasing the amount of pulses generates a marked robustness, particularly with the fast scheme; this is likely due to the significantly higher DD frequency of this protocol. Measuring final state fidelity with respect to some maximally entangled state at arbitrary phase shows that the generation of entanglement is fairly robust, and that a considerable portion of fidelity loss with respect to the spcific required state at finite detuning is due to a phase shift of the entangled state. Fidelity drops as the detuning approaches , the point at which the sideband transition is resonantly addressed. The reason for discrepancy between simulations and experiment is not known. Note that these measurements simulate DC noise only; for AC noise, the benefits of the fast scheme should be even more pronounced.
DISCUSSION
One interesting application of the fast DD gate is in microwave-based trapped ion platforms. To overcome the negligible microwave photon recoil, the spin-motion interaction can originate from a static magnetic field gradient. This gives rise to the MS Hamiltonian (Eq. 1) Ω i σ z,i b † e iεt + H.c. whereΩ = µ B X i,n dB z /dz is the Rabi frequency, µ B is the Bohr magneton, X i,n is the standard deviation of the n th vibrational mode and the i th ion, dB z /dz represents the magnetic field gradient in the z axis, and ε = ν n is the vibrational frequency of mode n. As the microwave qubits have to be magnetic field dependent, they are also sensitive to the ambient magnetic field fluctuations. To compensate for this noise, pulsed DD has been considered in ref [41] , however, due to the very high detuningsΩ ε, the gate was performed in the slow interacting regime, and thus resulted in a very modest fidelity. By utilizing the fast gate, the number of pulses and their duration could be adjusted such that the gate can be realized in the fast interacting regime. In comparison to current microwave-based entangling gates [42, 43] , the flower gate can be more than order of magnitude faster, having a similar duration as ref [12] .
Many quantum systems use a boson to mediate the interaction between different qubits. Dynamical decoupling techniques can be used in order to mitigate the damage of noise on these systems. The naive approach of applying the dynamical decoupling π pulses, at times when the spins are disentangled from the boson, increases the gate duration by a factor of √ N . To overcome this issue, we have proposed to apply dynamical decoupling pulses with a certain time separation, such that higher levels of the boson degrees of freedom are populated. In this way, the dynamical decoupling pulses not only suppress the main noise sources during the boson mediated interaction, but also considerably reduce the dynamical decoupling time overhead, increasing the gate robustness to other uncompensated noises.
Inducing entanglement between trapped ions-We consider two ions that are trapped in a linear trap, and interact due to Coulomb repulsion. The two ions system is diagonalized in the harmonic approximation, thus obtaining the vibrational normal modes: the center of mass mode, and the stretch mode. Each mode can be quantized where a vibrational phonon is introduced. Apart from the external degrees of freedom of vibration, the ions possess internal degrees of freedom. Two long lived internal energy levels compose the pseudo-spin or a qubit.
The typical micrometer ion separation neutralizes the direct magnetic dipole -dipole interaction. Therefore, to induce entanglement between the spins, the vibrational phonon is used to mediate the spin-spin interaction. To this end, a spin-phonon coupling should first be induced. The spin-phonon coupling could be induced by lasers, by near-field microwave control or by a combined microwave and a magnetic gradient system. Optical forces induce a sufficiently large recoil; meaning, the short wave-length radiation is coupled to the motion, and thus to the vibrational phonons. In the microwave based implementation, on the other hand, the long wave-length radiation induces a negligible recoil. Therefore, a magnetic field gradient is introduced to induce the spin-phonon interaction.
For simplicity we consider the laser based implementation, having only one relevant vibrational mode that is used as the mediator of the spin-spin interaction. Therefore, the Hamiltonian including the spins, the vibrational phonon and the optical driving field reads
where σ α,i are the Pauli matrices of the i th spin and in the α th direction, b † , b are the phonon creation and annihilation operators, ω 0 is the bare energy gap of the spin, ν is the vibration secular frequency, Ω is the Rabi frequency, ω d is the driving frequency, k is the optical momentum, x = x 0 b † + b is the position operator, η = kx 0 is the Lamb-Dicke parameter and x 0 is the ground state width.
Moving to the interaction picture with respect to the spin energy gap and the phonon term (first and second terms in Eq. 5) we obtain
after omitting the counter rotating term, which are negligible in the rotating wave approximation (RWA), and where the displacement operator is introduced D [α] = exp αb † − h.c . By operating in the Lamb-Dicke regime, namely η n + 1 1, with n being the average number of phonons, the displacement exponent in Eq. 6 can be expanded to the first order, where the Hamiltonian reads
This Hamiltonian is the main tool of performing entangling gates with trapped ions. By imposing the right detuning we can generate the interaction between the different spins, which is obtained in the second order of perturbation theory. Mølmer Sørensen gate.-Imprinting an additional frequency onto the resonant laser beam gives rise to two beatnotes that are equally detuned from the carrier transition ω d − ω 0 = δ ± = ± (ν − ε). The positive detuning δ + generates the −ε detuned blue sideband transition out from Eq. 7, whereas the negative detuning generates the †
where U (t 0 + δt, t 0 ) is the unitary evolution of the MS Hamiltonian with a detuning term ∆ 2 σ z , and U opt (t 0 + δt, t 0 ) is the same evolution without detuning. The fidelity is most damaged by the unwanted displacement that is caused by the rotated MS interaction, This can be seen in the second order Magnus expansion of the detuned Hamiltonian. The infidelity is then given by the amount of displacement,
where g (εδt) is found using the 2nd order Magnus expansion.
For both the flower sequence, and the echo sequence, the g (εδt) is weakly dependent on the number of pulses (or εδt), and equals roughly 5.2 for the flower, and 1.6 for the echo. The main difference comes from ε it self, as for the flower ε ∼ N for N 1, thus IF ∼ N −2 , and for the echo sequence ε ∼ √ N , thus IF ∼ const. For finite pulse time, when the total pulse time (= N ×(pulse time)) is comparable with the total gate time, both scaling will go as IF ∼ (∆τ N ) 2 due to the prolong gate time.
XY8 pulse sequence -The sequence that we have presented utilizes pulses in a direction which is orthogonal to α. Pulses in the α direction can be added trivially as these do not change the sequence of the gate. This gives the ability to realize XY4 and XY8 pulses.
The XY4 sequence could be realized as it is as the extra σ x operation commutes with the gate operators and thus does not change the structure of the gate; meaning the path in phase space stays exactly as realized in this work. The XY4 sequence is however is not robust as the XY8 [14] [15] [16] . An XY8 version could also be constructed in the following way. For a sequence of pulses at times {t j } 
By setting the overall displacement to zero, we make sure that the spins are disentangled from the phonons at the end of the gate. For an XY8 sequence this can be easily done numerically. For instance, for the XY8 sequence (Fig. 5 ) the pulses are applied at times εt ≈ (1, 5, 11, 15) · 1.78, and the detuning is given by ε ≈ Ωη·6.07. Where we ignored the pulses that commute with the MS interaction as these do not create the effective SDK behavior. Figure 6 . These figures show a comparison of three schemes, the Flower scheme (blue), the Echo scheme (green), and without pulses (red) (same detuning as in the Echo scheme). The numerics was done for the MS Hamiltonian with the appropriate pulse sequence and a detuning term, alternating the dynamics between the MS Hamiltonian (Eq. 10) with detuning
